The growth and nonlinear evolution of the modified Simon-Hoh instability ͑MSHI͒ is observed in a weak electron beam-produced collisionless cylindrical plasma, in which electrons are strongly magnetized and the ions are essentially unmagnetized. The evolution of this instability occurs through a sequence of sideband instabilities, thought to be induced by trapped ions, and a period doubling sequence. Transient study of the MSHI reveals that the growth rate of the MSHI is extremely rapid; of the order the instability frequency.
I. INTRODUCTION
The transition from a simple unstable equilibrium dominated by linearized instabilities to a turbulent state in the plasma is generally very complex. This is because plasmas have a rich variety of collective modes of oscillation and a great number of nonlinear coupling mechanisms. Furthermore, in plasma experiments one is typically unable to control the plasma parameters with enough precision so that subtle phenomena near the transition to turbulence may be studied. Our aim is to identify a model plasma system and study the evolution of such a plasma from one coherent state into turbulence. The plasma system chosen for this study is a low-density electron beam-produced and magnetically confined plasma column, which is extremely low in noise. In the regime where the neutral gas pressure is low and the electron beam current is small, such a plasma column is seen to be unstable to one mode, which we identify as the modified Simon-Hoh instability ͑MSHI͒, 1 which has an instability mechanism similar to the collisional Simon-Hoh instability. [2] [3] [4] This instability is seen to occur in a cylindrical collisionless plasma if a radial dc ͑direct current͒ electric field and a radial density gradient both exist in the same direction. In Ref. 1 the steady-state characteristics of the MSHI are described in detail while in Ref. 5, one route taken by the nonlinear evolution of the MSHI was described.
In this paper, we review the previous work and in addition, we document the growth phase and the steady-state characteristics of the MSHI. Theory shows and experiments confirm, that the growth rate of the MSHI is on the order of the instability frequency; i.e., the instability is in the strongly driven regime. We then document the nonlinear evolution of this mode. One specific process which leads to an eventual turbulent spectrum in this plasma is the evolution of the MSHI through a series of sideband instabilities that are thought to arise because of ion trapping effects. 5, 6 Each transition begins with the appearance of an apparently new oscillation mode at a very low frequency. The frequency rises to some subharmonic value of the fundamental frequency and stays locked with it. This is followed by the appearance of another low-frequency oscillation mode whose frequency rises to typically half the value of the previous lowest frequency where it meets and locks with the decreasingfrequency, local lower-sideband frequency. Such sequence of successive sideband instabilities and locking may be common to plasma systems in which large ion orbit dynamics are important and applicable to many systems involving excitation of coherent modes. We also find that the nonlinear evolution of the MSHI can occur not only via excitation of a sequence of sideband instability ͑modulational instabilities͒ but also via a period doubling sequence. 7 This paper is organized as follows: Part II is a review of MSHI; in Part III transient study and the steady-state characteristics of MSHI are presented; Part IV discusses various scenarios for the evolution of MSHI the conclusion and a summary of the paper are given in Part V.
II. REVIEW OF MSHI
Simon, 2 Hoh, 3 and Thomassen 4 studied the Simon-Hoh instability ͑SHI͒ in a weakly ionized, inhomogeneous, collisional, magnetized plasma under a strong radial electric field E r0 perpendicular to the dc axial magnetic field B 0 . The SHI is unstable when the density gradient ٌn 0 and E r0 are in the same direction. Due to collisions with neutral particles, ion E r0 ϫB 0 drift velocity is slower than that for electrons. The difference between the electron and ion EϫB drift velocities causes a space charge separation between the electron and ion density perturbations in the direction, and consequently produces a perturbed azimuthal electric field, E 1 . When the plasma density is inhomogeneous and ٌn 0 •E r0 Ͼ0, then the E 1 ϫB 0 velocity enhances the density perturbation. In collisionless, weakly magnetized-ion plasmas ͑where electrons are magnetized͒, a similar instability, which we call the modified Simon-Hoh instability ͑MSHI͒, 1 occurs due to the slower ͑relative to the electrons͒ ion drift velocity caused by the large ion Larmor radius effect. In our experiment, the ions are unmagnetized because of the small B 0 and large E r0 . The smaller ion azimuthal drift velocity compared with the electron E r0 ϫB 0 velocity causes a space charge separation between the electron and ion density perturbations in the direction. The consequent perturbed azimuthal electric field E 1 and the enhancement of the density perturbation by the E 1 ϫB 0 velocity are the same as in the SHI case.
Using a fluid theory, the portion of the density perturbations of the magnetized electron-fluid ñ e /n 0 and unmagnetized ion-fluid ñ i /n 0 ͑with azimuthal Doppler shift and neglecting radial variations͒ in the frequency f range of f ci Ͻ f Ͻ f ce ( f ci and f ce are the ion and electron cyclotron frequencies, respectively͒ are given by
where e is the electron charge, is the fluctuating potential, T e is the plasma electron temperature, *ϭϪk (T e /eB 0 ) ϫ(1/n 0 )(dn 0 /dr) is the electron diamagnetic drift frequency, E ϭϪk E r0 /B 0 is the electron EϫB drift frequency, k is wave number in direction, c s ϭͱT e /M , M is ion mass, and v i is the mean azimuthal ion drift speed. Typical experimental parameters and the derivation of Eqs. ͑1͒ and ͑2͒ are summarized elsewhere. 1 Assuming that ñ i ϭñ e , the dispersion relation is given by
where R and I are the real and the imaginary parts of the instability frequency, respectively. This shows that when v i ϽE r0 /B 0 and E /*Ͼ0, we can have an excitation of a fluid instability. Note that the perpendicular phase velocity is nearly v i with a small correction due to the second term in Eq. ͑4͒.
III. TRANSIENT STUDY AND STEADY-STATE CHARACTERISTICS OF MSHI
The experimental setup is shown elsewhere. 1 A 1 cm ͓full width at half maximum ͑FWHM͔͒ diameter Gaussian electron beam was injected axially into one end of a 10 cmdiam, 180 cm long stainless steel vacuum vessel, immersed in a dc magnetic field Bϭ50-320 G. Most of our measurements were conducted at Bϭ160 G. Ar gas was used for most of the measurements, which were carried out over the pressure range Pϭ5ϫ10 Ϫ6 Ϫ5ϫ10 Ϫ5 Torr ͑the vacuum base pressure Ӎ5ϫ10 Ϫ7 Torr). The ion mass dependence of the observed instability was determined by using Xe, Kr, and N 2 in addition to Ar. Electrons were emitted from a directly heated spiral tungsten filament cathode, accelerated through a 1 cm diam hole of the grounded anode, which was biased positive with respect to the cathode, and collected by the grounded endplate target ͑1.2 cm diam͒. The distance between the electron gun and the endplate target defined the plasma length L p to be 80 cm. The electron current I b was measured at the endplate target, and the experiments were performed typically at the acceleration voltage of V B ϭ250 V and I b ϭ10-1000 A, which was governed by temperature limited emission. At these low values of pressure and current, the system was always below the beam-plasma discharge 8 threshold and thus could be kept remarkably free of noise ͑up to Ϫ70 dBV below the amplitude of the fundamental mode͒.
In the steady state, densities of beam electrons n b , plasma electrons n e , plasma ions n i and T e were measured by the Langmuir probe. As a result,
, and T e Ӎ4 eV were obtained at the plasma center. In contrast to the nearly 1 cm ͑FWHM͒ Gaussian profiles of n e and n b , n i showed a broader profile from the beam center to the chamber wall. The difference between n e and n i profiles implies the existence of a radial dc electric field, E r0 . We deduced E r0 by measuring the radial profile of the plasma potential ⌽ ͓Fig. 1͑a͔͒ with an emissive probe. 1 Whereas T e Ӎ4 eV, the ion perpendicular temperature T iЌ measured by an energy analyzer showed good agreement with the depth of the dc potential ⌬⌽.
1 This is suggestive of T iЌ as being the characteristic kinetic energy of the ions as they rattle back and forth in the radial potential well. In this experiment (Bϭ160 G, Ar plasma͒ the electrons are strongly magnetized (r Le ϭ0.04 cm for T e ϭ4 eV) whereas the ions are essentially unmagnetized (r Li Ӎ5.6 Ϫ17.7 cm for T iЌ Ӎ1Ϫ10 eV), where r Le and r Li are the electron and ion Larmor radius, respectively.
Most of the instability measurements were made with unbiased, grounded cylindrical Langmuir probes, which were terminated by a 1 k⍀ resistor, in order to collect electron current with minimal perturbation on plasma. However, the same results, with much reduced amplitudes, were obtained with probes biased to give the ion saturation current. The frequency spectra were obtained both by performing fast Fourier transforms ͑FFT͒ on the real-time signal and with an HP model 3561A spectrum analyzer.
At I b less than few A, we first observe an instability M 1 mode, whose frequency f 1 ranges in f ci Ͻ f 1 Ͻ f ce . We identified this mode as the MSHI.
1 It is an mϭ1 azimuthal mode and n 1 peaks at rӍ3 to 4 mm from the beam axis ͓Fig. 1͑b͔͒. 1 The measured value of f 1 is consistent with a calculated effective ion EϫB drift frequency f Ei , which takes into account the large ion Larmor radius effect, 1 and the the azimuthal ion drift frequency f i ϭv i /(2r), where v i is the measured value of the mean azimuthal velocity of the ions ͑using a one-sided probe 9 ͒, over a wide range of I b ͓Fig. 1͑c͔͒.
1,5
For the MSHI to occur there has to be a radial electric field E r0 . This in turn arises because the ions have a wider radial profile than the electrons. To understand how the ions establish this profile, we carry out ion diffusion measurements with a pulsed electron beam by applying a pulsed V B . The rise time of I b is 0.4 s. However, the rise time of V B is much less than 0.4 s. Figure 1͑d͒ shows the temporal evolution of the ion radial density profiles reconstructed from the time variation of the ion saturation current I is measured at seven different radial positions, rϭ0, 0.5, 1.0, 2.0, 3.0, 4.0, and 5.0 cm from the beam center. The n i profile is the same as the beam profile early in time. Then ions start diffusing, and at t ϭ30-100 s they have a broad profile observed in the steady state. Figure 1͑e͒ shows the ion mass A i and the Ar pressure P dependence of the ion diffusion velocity v Di . We see that v Di is larger for the smaller A i and the lower P.
In order to explain the measured results, we first considered ambipolar ion diffusion. However, the observed ion diffusion velocity v Di for PӍ10 Ϫ5 Ϫ10 Ϫ3 Torr shown in Fig.  1͑d͒ is much larger than the calculated ambipolar ion diffusion velocity ͑when T i ӍT e ) v ЌA Ӎ23Ϫ2.3ϫ10 3 cm/s. It is pointed out by Simon 10 that short-circuit effect is important in short plasma columns with the magnetic-field lines terminated by conducting plates. 11 In our experiments, the condition for the perpendicular diffusion to be nonambipolar 12 is satisfied and we expect to have the short-circuit effect and, therefore, the nonambipolar radial diffusion. The calculated ion diffusion velocity v Ќi versus the neutral pressure P for Xe, Ar, and H 2 with the ion temperature T i ϭ0.03 eV did not agree with the measured P and A i dependence. The calculated v Ќi for T i ϭ30 eV showed a similar dependence on P in the pressure range of PӍ10 Ϫ4 Ϫ10 Ϫ2 Torr and A i as the experimental observations, i.e., v Ќi decreases with P and A i . However, disagreements with the experiments occur at the lower pressure region ( PӍ10 Ϫ5 Ϫ10 Ϫ4 Torr). Furthermore, the absolute calculated value of v Ќi at T i ϭ30 eV is more than two orders of magnitude larger than the measured v Di .
It was shown that some instabilities such as the twostream ion cyclotron instability, 13 the current convective instability, 12, 14 and the Simon-Hoh instability 4 enhance the radial loss rates and give rise to anomalous diffusion or turbulent diffusion. Turbulent ion heating caused by instabilities such as the ion acoustic wave, 15 the ion cyclotron drift wave, 16, 17 and the two-stream lower-hybrid instability 18 has been studied. For the lower-hybrid heating case, even though the instability amplitude showed a discrete-spectrum, stochasticity was introduced because of the large growth rate of the instability. 18 We postulate that the stochastic heating by the MSHI occurs in our experiments. In order to resolve this issue, time resolved ion temperature measurements are being contemplated.
The instability onset measurements have also been conducted by applying the pulsed acceleration voltage V B . We have observed that onset is inversely proportional to P and becomes shorter for the larger I b .
6 Figure 2 shows the radial position dependence of the time variation of the electron Ϫ5 Torr. ͑c͒ I b dependence of f 1 , f i , and f Ei . Here, f i ϭv i /(2r 1 ) and r 1 ϭ0.5 cm is the radius at which the spectral amplitude of the M 1 mode (n 1 ) is maximum. ͑d͒ The temporal evolution of the ion radial density profiles measured at high-pressure Ar gas ( Pϭ3ϫ10 Ϫ4 Torr) and at high-beam current (I b ϭ3 mA). Steady-state density profile of the plasma electron n e is also shown. Pϭ2ϫ10 
saturation current I es . At the plasma center ͓Fig. 2͑a͔͒, increase in the dc level ͑formation of the plasma due to ionization͒ is observed early in time. A fluctuation starts to oscillate roughly 2.5 s later. At rϭ0.5 cm, following a slow increase in the dc, a clear instability oscillation starts ͑not shown͒. The amplitude of the oscillation reaches the saturated level after two cycles. As shown in Fig. 2͑b͒ , at r ϭ1.0 cm, neither a dc increase nor a fluctuation is observed until tӍ13 s. A clear oscillation starts at tу13 s and the fluctuation level is already saturated at the first cycle with n 1 /n 0 Ӎ0.93. These results imply that at rу0.5 cm the electrons are pushed out by the fluctuation. We also find that the instability growth time growth is on the order of the instability period, i.e., I Ӎ R ; irrespective of the radial position. Figure 2͑c͒ shows a plot of the dispersion relation obtained by applying Eqs. ͑1͒ and ͑2͒ to Poisson's equation. 1 We see that I can be the order of R , i.e., the instability is in the strongly driven regime as predicted by theory.
IV. NONLINEAR EVOLUTION OF THE MSHI
As I b is increased the MSHI or M 1 mode grows and we observe a new low-frequency mode M 2 with a frequency f 2 , harmonic frequencies of f 1 and f 2 , and the various beat frequencies. In other words, the frequencies are linear combinations of f 1 and f 2 given by f ϭm f 1 ϩn f 2 (m,nϭ0,Ϯ1, Ϯ2,...). In many cases, the spectral amplitude of the lowersideband with frequency f 1 Ϫ f 2 is larger than that of the upper-sideband with frequency f 1 ϩ f 2 . Therefore, we represent the sideband mode M s with the lower-sideband component with frequency f s ϭ f 1 Ϫ f 2 . We define the spectral amplitude of M 1 , M 2 , and M s modes as n 1 , n 2 , and n s , respectively.
M 2 mode is an mϭ0 mode with n 2 that peaks at the plasma center and has a deep null at about the beam edge ͓Fig. 1͑b͔͒, together with a rapid radial phase change of 180 degrees ͑not shown͒. 6 M s is an mϭ1 mode with n s that peaks near the beam edge ͓Fig. 1͑d͔͒ like M 1 . It is found that 6 f 2 is proportional to the square root of the electron density fluctuation level associated with M 1 which is ϰͱñ e . Furthermore, f 2 shows a reasonable correlation with the calculated value of the azimuthal (mϭ1) bounce frequency f b ϭ(1/2)(e 1 /M r 2 ) 1/2 of the ions, 5 where 1 is the fluctuating potential of the M 1 mode measured at r ϭ0.2-0.5 cm by using an emissive probe ͓Fig. 1͑f͔͒. We also found that, while the dc plasma potential showed no dependence on the ion mass, 1 was found to be ϰM . Since f b ϰͱ 1 /M , and f 2 Ӎ f b , f 2 was thus found to be independent of the ion mass.
The nonlinear state of the MSHI can be controlled by changing either I b or P. A, and M 1 is the only mode that exists, i.e., remarkably we return to the original coherent state containing a single mode that is sitting atop an even smaller noise level.
Instead of using I b if both I b and P are used to control the evolution of the MSHI, we see the onset of a similar sequence that ends quite differently. A typical example of this at f 1 / f 2 ϭ3 is shown in Fig. 4 . 5 Frequency locking occurs at f 1 / f 2 ϭ3 in Fig. 4͑a͒ . Decrease in P leads to the appearance of M 3 with a frequency f 3 and the beat components ͓Fig. 4͑b͔͒. With a slight decrease in P, f 3 migrates towards f 2 until f 3 locks with f 2 such that f 3 ϭ f 2 /2ϭ f 1 /6 ͓Fig. 4͑c͔͒. With a slight increase in I b causes the appearance of M 4 with a frequency f 4 ͓Fig. 4͑e͔͒, migration of f 4 toward f 3 and frequency locking with its lower-sideband at f 3 /2 ͓Fig. 4͑e͔͒. Up to five cascades of decays which give frequencies f 5 ϭ f 4 /2ϭ f 3 /4ϭ f 2 /8ϭ f 1 /24 are observed ͓Fig. 4͑f͔͒. Any further increase in the control parameter ͑P or I b )
and f 5 ; and ͑b͒ frequency ratios f 1 / f 2 ͑closed circle͒, f 1 /( f 1 Ϫ f 2 ) ͑open square͒, f 1 / f 3 ͑closed triangle͒, and f 1 / f 4 ͑open circle͒. Ar 1ϫ10 Ϫ5 Torr, rϭ0.4 cm, and zϭ2.5 cm from the electron gun.
leads to frequency unlocking of all the modes, which is shown in Fig. 5 . An increase in P and I b causes a transition from a frequency locked state at f 4 ϭ f 3 /2ϭ f 2 /4ϭ f 1 /12 ͓Fig. 5͑a͔͒ to that with unlocked ( f 1 / f 2 ϭ3.12) components as shown in Fig. 5͑b͒ , where various peaks are no longer identifiable as linear combination of the modes, their harmonics and their beat frequencies. The phases of all the modes are also random at this stage.
Because of the rather good correlation between frequency f 2 of the mode M 2 and the bounce frequency f b ͓Fig. 1͑f͔͒, we have postulated that when the M 1 mode attains a sufficiently large amplitude, it can trap a significant number of ions in the wave potential and may be driven modulationally unstable to sideband modes M s 19 with frequencies in the laboratory frame of f 1 Ϯ f b ϭ f s . Simultaneously, the M 2 mode with a frequency f 2 ϭ f 1 Ϫ f s and azimuthal mode number mϭ0 is excited in the plasma. As 1 increases, f 2 migrates towards f 1 ( f 2 ϭ f b ϰͱ 1 ) and are mode-locked at f 2 ϭm f 1 /n (m,nϭ1,2,...). This new periodic state might be further modulationally unstable to a low frequency mode M 3 with a frequency f 3 which will then migrate and mode-lock at f 3 ϭm f 2 /n, and so on. Computer simulations are necessary to give insights into this cascade coupling route described above.
We have described one scenario for the nonlinear evolution of the MSHI: Coupling to a sequence of sideband instabilities that arise because of trapped ions. However, there is another path that the nonlinear evolution of MSHI can take even though the experimental conditions are nearly the same as described below. Figure 6 shows a different sequence of wave-wave couplings as I b is varied. The only difference in the experimental condition is that the diameter of the endplate is now 1.2 cm instead of 5 cm previously. Evolution of the MSHI for I b Ͻ38.9 A is similar to that shown in Fig. 3 . However, at I b ϭ38. 9 A, in addition to M 1 , M 2 , and M s modes ( f 1 / f 2 ϭ2.38), a new mode M 1/2 appears at a frequency These modes appear as a result of period doubling sequence. We have observed an energy exchange between these two groups as will be shown below. Figure 7 shows a sequence of the energy exchange between M 2 , M s modes and M 1/2n modes. In Fig. 7͑a͒ we find that the frequency components correspond to f 1 , f 2 , f s ϭ f 1 Ϫ f 2 , 2f s , 3f s , f 1 Ϫ2 f s , and f 1 Ϫ3 f s . f 2 is slightly larger than 5 f 1 /7 and frequencies are unlocked. This causes the excitation of sidebands at each frequency component. In Fig. 7͑b͒ , frequency locking occurs at f 1 / f 2 ϭ5/7, and new frequency components appear at f 1 /2 and f 1 /2Ϯ f s . Figure  7͑c͒ shows the increase in the amplitude of f 1 /2 component and the appearance of f 1 /4 and 3 f 1 /4 components. Note that in this case, a narrow frequency locking at f 1 / f 2 ϭ32/23 occurs. In Fig. 7͑d͒ , we see that the amplitude of f 1 /2, f 1 /4, and 3 f 1 /4 components increase by 20.25, 15.81, and 31.26 dBV, respectively, together with the decrease in those of f 2 and f s components by Ϫ9.65 and Ϫ10.65 dBV, respectively. Frequencies are locked at f 1 / f 2 ϭ10/7. When f 1 /2, f 1 /4, and 3 f 1 /4 components appear or period doubling sequence occurs ͓Figs. 7͑a͒-7͑c͔͒, amplitude of f 1 component increases by 0.21 dBV and those of f 2 and f s components are unchanged within 0.04 dBV. On the other hand as seen in Figs. 7͑c͒-7͑d͒, the increase in the amplitude of f 1 /2, f 1 /4, and 3 f 1 /4 components seems to be sustained by the decrease in those of f 2 and f s components, since the amplitude of f 1 component increase only by 0.03 dBV. Therefore, we believe an energy exchange from f 2 and f s to n f 1 /4 components occurs.
Figures 8͑a͒ and 8͑b͒ show the evolution of the instabilities when f 2 locks at f 1 / f 2 ϭ2 (f 2 ϭ f 1/2 ). In this sequence, current to the filament cathode is kept constant and the acceleration voltage V B is varied. When V B is varied from 225 V ͑Number 1͒ to 242 V ͑Number 14͒, I b increases from 926 to 976 A and f 1 decreases from 71.75 to 67.5 kHz. A new mode M 3 appears with a frequency f 3 exactly at quarter subhamonic of f 1 ( f 3 ϭ f 1 /4ϭ f 1/4 ). Whereas, a lowfrequency M 4 mode appears at a frequency f 4 Ӎ f 1 /21.4. f 1 / f 4 tends to decrease by increasing V B , and when frequency locking occurs at f 1 / f 4 ϭ8, a new mode M 5 with a frequency f 5 Ӎ f 4 /2ϭ f 3 /4ϭ f 2 /8ϭ f 1 /16 appears. Therefore, both the period doubling and low-frequency excitation/mode locking sequences can simultaneously occur. Note that in this sequence, the amplitude of f 1 component is nearly unchanged, whereas, that of f 1/2 is slightly increased. In Figs. 8͑c͒ and 8͑d͒, frequencies and the amplitudes are replotted versus the amplitude of f 1/2 component, respectively. The excitation of the subhamonic modes can be seen in these figures, i.e., M 1/4 mode is excited when the amplitude of M 1/2 mode becomes large enough, and M 4 mode is excited when the amplitude of the M 1/4 mode becomes large.
At present, there is incomplete physical understanding of these phenomena described above, i.e., the physical mechanism that leads to period doubling of M 1 mode and the mechanism that leads to the half-harmonic mode growing at the expense of M 2 and M s modes are not clear. We believe that the explanation for these observed effects will have to come from 3D ͑three-dimensional͒-computer simulations. This is currently being explored.
Finally, there are other paths the nonlinear evolution of the MSHI can follow particularly if the plasma length L p is made shorter. These will be discussed in a future publication.
V. CONCLUSIONS
The growth and nonlinear evolution of the MSHI is observed in a weak electron beam-produced collisionless cylindrical plasma, in which electrons are strongly magnetized and the ions are essentially unmagnetized. Transient study of the MSHI reveals that the growth rate of the MSHI is the order of the instability frequency. One path the evolution of this instability takes is through a sequence of sideband instabilities, thought to be induced by trapped ions. A second path is a period doubling sequence. It is not known why the system chooses one path to nonlinear evolution over another when different control parameters ͑beam current, beam voltage, and gas pressure͒ are varied. It is clear that this plasma is an excellent testbed for understanding how wave-wave and wave-particle interactions lead to a complex spectrum. The ultimate goal of this work is to trace the development of plasma turbulence in this model system from first principles.
